This paper will provide the general construction of the continuous, orthogonal, compactlysupported multiwavelets associated with a class of continuous, orthogonal, compactly-supported scaling functions that contain piecewise linears on a uniform triangulation of R 2 . This class of scaling functions is a generalization of a set of scaling functions rst constructed by Donovan, Geronimo, and Hardin. A speci c set of scaling functions and associated multiwavelets with symmetry properties will be constructed.
Introduction
Much research has been done in the construction of orthogonal multiresolution analyses of L 2 R see 3 , 8 , and 9 and the associated multiwavelets see 3 , 6 , 15 . All of the multiwavelet constructions have i n volved the completion of some matrix satisfying certain conditions. While these constructions can be extended into R 2 using tensor products, nonseparable, orthogonal scaling functions de ned on triangulations, particularly arbitrary triangulations of R 2 , are desirable for many applications nite element methods, adaptive image compression, etc. This paper is a step toward that goal. A class of dilation-3 scaling functions has been constructed in 7 and 3 on uniform triangulations, but the wavelets had been elusive. Wavelets for a speci c dilation-3 example were found in 5 , using a di erent approach: physically constructing the wavelets with linear combinations of specially designed functions. This paper generalizes this class of orthogonal scaling functions on uniform triangulations and the construction of the associated multiwavelets. The generalization of both onto arbitrary triangulations will appear in a future paper.
Overview
This section will provide an overview of the basic concepts and de nitions needed in this paper.
Let 0 := 0; 0 and let 1 and 2 be two linearly independent v ectors. Let T be the 3-directional mesh with directions 1 , 2 , and 2 , 1 , and so, w = 0 is the only solution to 1.3. Hence, only integer N 2 will be considered from this point on.
De nition: An orthogonal scaling vector of the form 1.2 is referred to as a tight scaling vector.
The w i will generate three orthogonal sections" g i = I , P W h i that will be pieced together to form one large scaling function. However, in this construction, the interior projectionsg i = P V 1 4 0 g i , i = 0 ; 1; 2, are no longer pairwise orthogonal. The construction of the associated wavelets will hinge on our ability to nd an orthogonal set f 0 ; 1 ; 2 g with the same span such that i ?g i , i = 0 ; 1; 2. De nition: The tight scaling vector constructed above is said to be regular if theg i , i = 0 ; 1; 2, are linearly independent.
Main Results
Important lemmas and theorems are presented here without proof, and are proved in the following sections. A set of wavelets were constructed in 5 to scaling functions constructed in 4 , but is generalized here for this entire class of regular tight scaling vectors with 2-D domains. This means that each g i is a linear combination of j and k where i 6 = j 6 = k. By projecting j out ofg i , the remainder is orthogonal to the both i and j . This trick will be used freguently in the construction of the wavelets.
De nition: Any nonempty i n tersection of the supports of h t i and h t j , i; j 2 Z 2 , is called an overlap domain.
The wavelet space W 0 , where V 1 = V 0 W 0 , will be constructed in three orthogonal parts. The subspace W f will be generated by w avelets supported in 4 0 , the subspace W g will be generated by w avelets supported in overlap domains, and the subspace W h will be generated by w avelets supported in the hexagonal domain of the large scaling function. An example of these wavelets will be constructed explicitly in Chapter 3. It is important to note that the scaling functions and associated multiwavelets in these constructions may be nondi erentiable functions with a nonintegral box dimension. These functions de ned on R 2 are called fractal interpolation surfaces FIS. The construction of these functions is described in detail in 1 , 13 , and 7 . The function w is an FIS, with interpolation points located uniformly over 4 0 as illustrated in Figure 1 , provided js i j 1 and j s i j 1 for all i 2 Z 2 this is necessary if w is to be continuous. T . This set of scaling functions is illustrated in Figure 2 for equal s i .
Notice that for any nonsingular linear map A, w e m a y de ne the same set of scaling functions on the lattice generated by A 1 and A 2 , and the functions will maintain their orthogonality. Proof. Note that, from Lemma 3.1, hg i ;g j i 0, so theg i are not pairwise orthogonal. De ne the following orthogonal basis for G = spanfg 0 ;g 1 ;g 2 g: It is easy to verify that f has no critical points in the constraint region; that is, rf 6 = 0. conditions that must be met on both the 4 and the 5 triangles. Thus, six basis functions can be found for the kernel of the resulting system of coe cients on each. While the closure of any such basis will span W f , it is desirable to have w avelets with symmetry properties.
It is easily veri ed that the ten dimensional space V can be spanned by four rotationally symmetric functions about the centroid of 4 0 that are also re ection symmetric about a median of 4 0 , three re ection symmetric only functions about the median, and three antisymmetric functions, and that these spaces, V r , V s , and V a , respectively, are orthogonal. It is also easily veri ed that P Vr V 0 i s a t wo dimensional space, while both P Vs V 0 and P Va V 0 are one dimensional spaces, so that two functions can be found in V to complete each space. Let be the 2 3 clockwise rotation about the centroid of 4. Notice that 3 Let be the re ection function along a xed median of 4. The space W f is invariant under and r, since either applied to the orthogonality conditions produces the same set of conditions. A rotational symmetric w avelet can be found by nding a nonzero function of the form f + f + f , projecting it out of any basis of W g , and orthogonalizing the remaining set. Two such normalized wavelets, 1 and 2 , are illustrated in Figure 6 . A re ection symmetric w avelet can be found by nding a nonzero function of the form f + f , and following the same steps. Two such normalized wavelets, 3 and 4 , are illustrated in Figure 7 . The remaining wavelets are necessarily antisymmetric. Two such normalized wavelets are illustrated in Figure 8 . .
